In particular, if C ~ X is a closed convex cone which is invariant under both {P(1) : t > 0} and P(2) : t > 0}, then P(2) -E C for an T > 0 if A2f -A1f E C.
PROOF: For the relevent standard facts about semigroups, the reader might want to consult [D.&#x26;S., pp. 566 &#x26; 620-624].
The last assertion is clearly a consequence of the preceding ones. In addition, once we have proved the continuity property of (tl, t2) '"~ o P(~ ), it will be clear that [K] and Y. Gordon [G] . 
for some a > 0. If
in the sense of distributions, then
To prove (5), we first check that it suffices to deal with the case when, in addition
to (3) and (4) (2) At the same time, it is clear that R N 0 3 C 6 R ( x ) 0 3 9 3 h ( d x ) ~ R N f ( x ) 0393k(dx)
for k E {0,1} as R / oo. Thus, after applying (6) to and then letting R / oo, we arrive at (5).
The preceding result can be extended as follows to cover cases in which the matrices ao and al may be degenerate. Namely, assume that f : : RN -R1 is a bounded Borel measurable function which satisfies (4). Then R N f ( x ) 0 3 9 3 1 ( d x ) ~ R N f ( x ) 0 3 9 3 0 ( d x )
.
As an essentially immediate consequence of (7) In particular, these calculations combined with (8) make it clear that f satisfies (4). Hence, (7) Given a smooth function (z(1), z(2)) E RN x RN ~--~ u(z(1), z(2)), let Olu and ~2u denote, respectively, the Laplacian of u with respect to the variables z(1) and a:(2). . Next suppose that u satisfies the ultra-hyperbolic equation (10) 1 u = A2u.
Using some ideas of Darboux about solving the wave equation in terms of spherical means, L. Asgeirsson (cf. [A] or [C.&#x26;H.,pp. 744-748]) showed that u satisfies the generalized mean-value property ( 1 1 ) S N -1 u ( x ( 1 ) + r 0 3 C 9 , x ( 2 ) ) d 0 3 C 9 = S N -1 u ( x ( 1 ) , x ( 2 ) + r 0 3 C 9 ) d 0 3 C 9 for (x(1), x(2)) ~ RN x RN and r > 0. Although Asgeirsson does not mention it, (11) is really just an application of the classical mean-value property. To see this, first note that, by translation invariance, it suffices to check (11) when a:(i) = a?(2) = 0. Next, set w(z) = u(z, 0) -u(0, z) for z E RN. Then clearly w is harmonic and w (0) = 0. Hence, the mean-value property for w over the sphere of radius r centered at 0 yields (11). .
We next relate Asgeirsson's result to the ideas discussed here. To begin with, we note that, at least when u has sub-Gaussian growth, (11) can be seen as a consequence of (2). .
Namely, let {P(1) : t > 0} and > 0} be the semigroups corresponding to heat flow in the variables z(1) and z~2), respectively. Clearly (1) holds, and so, by (2) and (10), we obtain: (z(i)~z(Z))~~?2(x(z))~RNS ~ 0, (~(i),a? (2) (2) and (12) lead to z(2)) z(Z)), (T, x(i) , z(z)) E (0, oo) x G1 x Gz. °S ince > 0} is ergodic and has normalized Lebesgue measure on Gk as its invariant measure, we conclude that (12) implies (13) 1 |G1| G1 u(y(1),x(2))dy(1) ~ 1 |G2| G2 u(x(1),y(2)) dy(2), (x(1),x(2)) ~ G1 G2 .
Obviously, (13) is just one of many examples of this sort.
